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Influence of a Level of Elementary Mental Computation Skills upon Success in School Mathematics.
It is obvious that for success in school mathematics it is necessary to master elementary mental computational skills at first – addition and subtraction within the limits of 20, multiplication and division within the limits of 100. These skills must be driven to automatism (the top quality of skills) which means quick and errorless implementation of the operations. Thus the computational speed is the first criterion of the automatism. 
Meanwhile an error may be caused not only by lack of knowledge. There are many other outside causes - a bad condition of a pupil, a brief distraction of attention and so on. Therefore a probability of occurrence of an error, which must be sufficiently low but not equal to zero, must be taken as the second criterion.
Let us begin with analysis of the state of affairs. Consider, for example, the results of the testing of elementary mental skills in addition, subtraction and multiplication in one graduation-class of primary school (24 pupils, the multiplication table was learnt a year and a half ago) in comparison with the average marks in algebra of this class three years later. 
At the first stage one instrument was administered to the pupils: testing tables, which specimens are placed below.
1) Addition:
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2) Subtraction:
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3) Multiplication:
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The pupils completed the tables in written form. The time from the starting point to the finishing point was measured. At the second stage the current pupils’ results in algebra during five months was studied. 
The generalized results of the testing are visually represented on the diagram of dispersion between average time of implementation of one operation (in seconds on the horizontal axis) and relative frequency of occurrence of errors (the vertical axis). The pupils with poor progress in algebra are marked by “empty” dots.
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It is evident that the worse computational skills had been in primary school, the worse progress in algebra has been three years later. The sample is obviously divided into two parts. Statistical analysis has shown that it is possible to single out in each of them the groups with the normal distribution (significance at 5% level) of the both considered parameters. The dots of the first group are green, and the dots of the second one are gray. 
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The criteria of rejecting extreme values confirm (significance at 5% level) that the first group cannot include the black dots and the second one cannot include the “empty” dot. The blue dot is an exception. Each group may include it. 
Normal distribution of the parameters shows that the pupils contained by each group have similar computational skills. Internal uniformity of each group is confirmed indirectly by a correlation of r = -0.59 for the first group and r = -0.45 for the second one. It evidently (but, to my regret, not statistically) shows the inverse relationship between average time of implementation of one operation and relative frequency of occurrence of errors: the more time is spent on thinking, the less a number of errors is.
Normal distribution of the parameters in each group gives a chance to apply Student’s t-criterion to make comparison between the means (the test of median was applied too) and Fisher’s F-criterion to make comparison between the dispersions. The criteria have shown significant distinctions (significance at 5% level). For that reason we cannot consider these groups as samples drawn from the same population.
It is naturally to suppose that the first group is a sample from the population which includes the pupils with satisfactory skills, and the second one is a sample from the population which includes the pupils with bad skills. In that case we can point out rough values of the considered parameters for diagnosis of the required level of elementary mental computational skills. During completing the standard table including 64 operations the average time of implementation of one operation must not exceed 10 seconds, and the relative frequency of occurrence of errors must not exceed 0.03. It means that the standard table must be completed not more than in 11 minutes, and besides that there must be not more than 2 errors (approximation is done with surplus).
These inferences can not be final. The sample is too small and includes pupils from one class only. For that reason it is not representative. Besides that it is necessary to study how the purposeful work on improvement of elementary computational skills tells upon permissible limits of the considered parameters and upon success in school math’s learning. 
At the second stage of the study the next problems were solved: 1) permissible limits of the considered parameters for pupils of different ages (beginning from the time when the multiplication table is completely studied and during five years after) were determined; 2) the direct relationship between the level of elementary mental computational skills and success in school mathematics was confirmed; 3) the influence of the work on development of elementary mental computational skills upon
permissible limits of the considered parameters and upon success in school math’s learning was studied. 

The study was carried out in period from 1994 to 2004 years. The sample includes 567 pupils (31 classes, 7 schools). Standard tables including 64 elementary operations in addition, subtraction, multiplication and division were used for determination of the level of the computational skills. It turned out that in practice it is handier to use for estimation of the level a total time of completion of a table and a number of occurred errors. These parameters permit to determine quality of work immediately, without supplementary computations. 
Statistical analysis of the results has shown that parameters of implementation of different arithmetical rules have significant distinctions. Multiplication and division differ especially from subtraction in errors. Addition and subtraction differ especially from division in time. Therefore the limits of the parameters were determined for each arithmetical rule separately. 
The next suppositions were made to search for groups of pupils who have satisfactory skills: 1) the distribution of time in these groups must be normal; 2) the distribution of number of errors (discrete values 0; 1; 2; …) must be the Poisson’s distribution.
The suppositions had determined the methods of the search. Among the works with not more than two errors a kernel with normal (or close to normal) distribution in time was singled out, and the top border under which 90% values are laid was calculated. Then the works with 3 and 4 errors, which time of implementation was not more than the border, were added to the kernel.  
Statistical analysis of the parameters of all such founded groups confirmed (significance at 5% level) their internal uniformity: distribution in time is normal, and distribution in errors submits to Poisson’s law. In different cases these groups included from 50% to 70% of a corresponding samples. According to the criteria of rejecting extreme values they were sufficiently good isolated (significance at 5% level) from the other parts of the samples. There was possible to single out some more uniform groups in the rest parts of some samples.
Let us consider, for example, the testing results in multiplication a year and a half after the multiplication table was completely studied. The sample comprised a total of 122 pupils. 

The results are visually represented on the diagram of dispersion between total time of completion of a table (in seconds on the vertical axis) and a number of occurred errors (the horizontal axis). The first group (green) includes 68 pupils, the second one includes 12 pupils, and the third one includes 17 pupils. The results of 5 pupils exceed the margins of the diagram.
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At this stage the level of elementary computational skills of 403 final-year pupils of primary school was determined. In three years after the testing the current pupils’ results in mathematics was studied. It turned out that all pupils from the first groups had no problems in math, 87% of the pupils from the second and third groups had big problems, and the other pupils’ results were, to put it mildly, very poor. 
Therefore it was confirmed that unsatisfactory development of the elementary mental computational skills in primary school was one of causes of difficulties in math’s learning. It means that results of testing of the skills may be used for prediction of failure in school mathematics.

It is evident that the population of pupils with satisfactory skills may be represented only by the pupils from the first group. That's why the parameters of the first groups were used as the basis for computing limits of values of the considered parameters. In view of the fact that sample statistics only approximately estimate parameters of population, the top border under which 90% of samples means lie was considered as the starting-point (the sample mean of satisfactory achieving pupils), and only the 99th percentile of thus achieved normal distribution was taken as the limit for time and the last value of thus achieved Poisson’s distribution which probability was not less than 0.01 was taken as the limit for number of errors.
This method of determination of limit values gives approximation with surplus only. Therefore the permissible limits of time and errors (four tables below) may be considered as sufficiently mild demands.
The limit values were calculated for the standard tables including 64 similar elementary operations. “Period” – is the time passed after the multiplication table was completely studied: “< 0.5” – to 0.5 year, “0.5-1” – from 0.5 to 1 year and so on. Time of implementation (the first position) is in minutes and seconds: “6:27” – 6 minutes 27 seconds. The second position is a number of errors. 
1. ADDITION
	Period
	     < 0.5
	     0.5-1 
	        1-2
	       2-3
	        3-4
	        > 4

	Excellent
	6:27
	0
	6:09
	0
	5:00
	0
	4:17
	0
	3:59
	0
	3:52
	0

	Good
	7:53
	2
	7:30
	2
	6:09
	1
	5:22
	1
	5:00
	1
	4:47
	1

	Limit
	11:02
	4
	10:30
	4
	8:41
	3
	7:44
	3
	7:12
	3
	6:51
	2


2. SUBTRACTION
	Period
	     < 0.5 
	     0.5-1
	        1-2
	        2-3
	        3-4
	        > 4

	Excellent
	6:32
	0
	6:09
	0
	5:03
	0
	4:25
	0
	4:07
	0
	3:59
	0

	Good
	8:07
	2
	7:40
	2
	6:16
	2
	5:34
	1
	5:12
	1
	5:00
	1

	Limit
	11:35
	4
	10:59
	4
	8:57
	4
	8:06
	3
	7:34
	3
	7:12
	3


3. MULTIPLICATION
	Period
	     < 0.5
	     0.5-1
	        1-2
	        2-3
	        3-4
	        > 4

	Excellent
	6:05
	0
	5:37
	0
	4:12
	0
	3:44
	0
	3:36
	0
	3:33
	0

	Good
	7:14
	1
	6:42
	1
	5:07
	1
	4:35
	1
	4:23
	1
	4:16
	1

	Limit
	9:46
	3
	9:04
	3
	7:11
	3
	6:29
	3
	6:07
	2
	5:51
	2


4. DIVISION
	Period
	     < 0.5
	     0.5-1
	        1-2
	        2-3
	        3-4
	        > 4

	Excellent
	5:25
	0
	4:57
	0
	3:32
	0
	3:04
	0
	2:56
	0
	2:48
	0

	Good
	6:34
	1
	6:02
	1
	4:27
	1
	3:55
	1
	3:43
	1
	3:31
	1

	Limit
	9:06
	3
	8:24
	3
	6:31
	3
	5:49
	3
	5:27
	2
	5:06
	2


As it was noted already, the influence of preliminary work on development of elementary mental computational skills upon permissible limits of the considered parameters and upon success in school math’s learning was studied. For this purpose in 12 classes before the testing the standard tables (2 in each arithmetical rule) were completed by the pupils for training. Besides that the tables were constantly used as homework for bad achieving pupils.
The testing have showed that, in comparison with the results obtained without preliminary work, the average number of errors has decreased (10% - 30%) and the average time has decreased too (25% - 30%). Statistical analysis has shown that the decreasing was significant (significance at 5% level) in all cases for time and in half the cases for errors. In all cases the groups of pupils with satisfactory elementary computational skills were relatively increased (4% - 14%). It must be pointed out that the average number of errors in these groups has not changed. It confirms once more that occurrence of errors in these groups is not bound up with lack of skills and depends on outside causes.
For confirming the influence of quality of elementary computational skills over success in school mathematics 15 bad achieving pupils (from one to three years after the multiplication table was completely studied) were chosen. The work upon development of the skills, which level had been very bad, was carried out with each of them individually. In 13 cases the level was brought to stable correspondence to the calculated values of parameters. The results exceed the limit values of the parameters significantly. After that a work upon main basic topics of school math (common fractions, algebraic equations and so on) was carried out with the pupils. The work was successful, and all of the 13 pupils had not big problems in their subsequent math’s learning.  
It must be noted in conclusion that the level of elementary mental computational skills of actively working pupils only do not decreases in due course. If a pupil works passively at lessons and does not carry out home works himself/herself, the level decreases gradually. In some time it leads to difficulties in math’s learning.
Thus a level of elementary mental computational skills is a good means of determination of pupil’s preparedness for successful studies. The limit values of the considered parameters define the first threshold of school math’s learning ability. The pupils who have not crossed this threshold are doomed to poor progress.
MAIN INFERENCES
1) Unsatisfactory development of the elementary mental computational skills adverse affects progress in school mathematics. The skills must be driven to automatism. That is the obligatory condition for success in school mathematics.
2) A level of the skills may be determined by two parameters: average time of implementation of one operation and relative frequency of occurrence of errors. 
3) For testing it is handy to use the standard tables, for which the permissible limits of time and errors were calculated.   
4) The testing tables are an effective means for training work. Their using lets to bring up quickly the elementary mental computational skills to the level exceeding the calculated permissible limits of the considered parameters.
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